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Computer Study of Nonequilibrium Excitation in
Recombining Nitrogen Plasma Nozzle Flows
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The University of Michigan, Ann Arbor, Midi.
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The nonequilibrium neutral atom excited state densities, electron densities, electron and
heavy particle temperatures are computed for a fully dissociated partially ionized nitrogen
plasma expanding in a nozzle starting from equilibrium in the settling chamber. The degree
of excitation nonequilibrium at the exit of a convergent-divergent nozzle having an area ratio
of 22 is systematically investigated for chamber pressures between 0.01 and 1000 atm and
chamber temperatures between 6000 and 18,000 °K. Thermal nonequilibrium at the exit rises
to a maximum in the chamber pressure range between 1 and 10 atm, whereas excitation non-
equilibrium is smallest in this pressure range, due to the competing effects of the three-body
recombination and collisional coupling terms in the electron energy equation. Increasing
chamber pressure above 10 atm produces increasingly severe and unexpected departure from
excitation equilibrium.

Nomenclature

A = cross-sectional area of nozzle
A(i,j) = radiative transition rate from state i to j
"B,(Bij) = matrix whose elements are Bij in Eq. (4)
62-&6 = constants specifying the nozzle shape
C,(d) = vector whose elements are C» in Eq. (4)
D,(D») = vector whose elements are A in Eq. (4)
Em = ionization potential
E(i] = energy level of ith state measured from ground state
g(i} = statistical weight of ith state
H — enthalpy, see Eq. (14)
h = Planck constant
itj = dummy indices
K-(ijJ) = collisional transition rate coefficient from state i toj
K(i, oo ) = collisional ionization rate from state i
k = Boltzmann constant
kn = ionic recombination rate
nie,mh = electron and heavy particle mass, respectively
m = mass flow rate through nozzle
N(i) = population of ith state
Na,Ne = atom and electron density
NaE = atom density under equilibrium
NmE(i) = population of ith state under equilibrium
Ne,cou = rate of change of electron density by collisional process
Ne,™d = rate of change of electron density by radiative process
Nj, = heavy particle density = Na + Ne
p = pressure
Qrad = radiative power loss
r = nozzle radius
s = constant specifying pressure variation
TejTh = electron and heavy particle temperature
u = plasma velocity
ve = electron thermal velocity
x = distance along nozzle
Za,Z+ = atom and ion partition function
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a — degree of ionization = Ne/Nh
dr = over-all radiative recombination rate coefficient
j8(i) = radiative recombination rate coefficient into ith state
veh = electron-heavy particle collision frequency
X = chemical and excitation nonequilibrium parameter in

Eq. (7)
$(i) = dimensionless population of ith state
p = density

Subscripts
a = atom
c = characteristic value
cham = settling chamber
E = equilibrium value required by the local nonequilibrium

EQ
e
h

complete equilibrium value
electron
heavy particle
throat

Introduction

PREVIOUS studies of electron-ion recombination in ex-
panding plasma flows1"3 have shown that significant

departures from equilibrium can be expected in typical wind
tunnel nozzles in the following three ways: 1) the electrons
and heavy particles are at different temperatures (thermal
nonequilibrium) ; 2) the electron density does not satisfy the
Sana equation (chemical nonequilibrium) ; and 3) the bound
electronic states of the atoms are not populated according to
the Boltzmann distribution law (excitation nonequilibrium).
Whether or not any of these deviations from equilibrium are
of importance in practice depends, of course, on the applica-
tion or use to which the flow is put. For example, the excited
population distributions are crucial for spectroscopic diag-
nosis of plasma flow and the possible generation of stimulated
emission, although they are of little consequence to aero-
dynamic forces and moments.

Although the fundamental physical principles that govern
the relaxation of these nonequilibrium phenomena are known,
the effects of the intercouplmg between them are not well
understood, particularly in a high-speed flow. The purpose
of the present study is to systematically investigate the conse-
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quences of the intercoupling among the three nonequilibrium
processes and the fluid conservation equations, by numerical
computation. An ionically recombining flow of nitrogen ex-
panding through a converging-diverging nozzle is studied,
starting from equilibrium stagnation conditions. The nitro-
gen plasma is assumed to be fully dissociated and parti-
ally ionized throughout the nozzle. The evolution of the
nonequilibrium flow properties have been systematically cal-
culated as functions of the chamber pressure and tempera-
ture. The study focuses on the unusual interaction between
the thermal and chemical nonequilibrium, and also on the
very large effects these two nonequilibrium phenomena have
upon the atomic excited state distributions.

Derivation of Equations

Assumptions

To simplify the analysis, the following assumptions are
made. 1) The electrons and heavy particles each have a
Maxwellian velocity distribution at temperatures Te and Th,
respectively, since the self-collision times for each species are
very much smaller than other characteristic times. As a
corollary, the continuum flow concept is assumed to hold.
2) The flow is steady and quasi-one-dimensional, radial varia-
tions being neglected. 3) There are no imposed electric and
magnetic fields. As a result, the electrons and ions have a
common directed velocity. 4) Viscous diffusion and thermal
conduction effects are neglected. 5) The plasma is neutral
and consists of neutral atoms, singly charged ions and elec-
trons. Molecular recombination is neglected.

Electronic State Population

Because diffusion is neglected in 4, the rate of change of the
electronic state population of the ith state, N(i), is controlled
only by the chemical rates; that is, it is the difference be-
tween the sum of the rates of all incoming electronic transi-
tions and that of all outgoing transitions,4'5

(1)

Here, in addition, there is a relationship connecting N(i)'s to
the atom density Na,

(2)

It is convenient to express the electronic state population N(i)
in terms of the dimensionless quantity \f/(i)

i) = N(i)/NE(i) (3)

where NE(i) is the equilibrium population required by the
local electron density and temperature

e, - E(i)]/kTe}

In terms of the dimensionless population \[/(i), Eqs. (1) and
(2) can be combined symbolically5 in the form

B-^ = C + x D (4)
where B is the matrix whose elements BH are functions only of

Te and Ne as follows : For i = 1 ,

BIJ = NE(j)/Ne
2( = function of Te alone)

~Fori

\p is a vector with component \t/(i), and D is a vector whose
components ZVs are all zero except Di, which is

Di = NaE/Ne
2(= function of Te alone)

where NaE is the equilibrium atom density required by the
actual electron density and temperature, i.e., Saha equilibrium
value

NaE = exp[EJkTe] (5)

in which Za is the atom partition function. C is a vector with
component d, which is zero for i = 1, and for i > 1,

d = - - [Ne/NE(i)]j3(i) +

Also, x is the ratio

x = (= function of A^a, Ne and Te)

(6)

(7)

which is a measure of the degree of chemical nonequilibrium.
When the property of the plasma varies slowly along the

nozzle, one can neglect the last term in Eq. (6) in comparison
with the preceding two terms in the same equation. When
such conditions exist, Eq. (4) becomes a system of algebraic
equations, and the solution to Eq. (4) can be obtained by the
simple matrix operation

function of Te and Ne + x-function of Te and Ne (8)

Thus the populations of all electronic states are uniquely de-
termined once the macroscopic flow quantities Te, Ne and the
degree of nonequilibrium xlor equivalently Na because x is
related to Na through Eq. (7) ] are specified. The condition
under which the last term in Eq. (6) can be neglected is
normally referred to as the quasi-steady condition for the
electronic state distribution.4 Based on the available in-
formation on the rate parameters,6'7 one can show that
such quasi-steady conditions exist in the nozzle flow under
consideration. Because the numerical values of the solution,
Eq. (8), are known,6 it is necessary only to find Te, Ne and
x(or Na) to determine the nonequilibrium excited state
populations.

Flow Equations

The flow properties Te, Ne, and x are computed by inte-
grating a system of differential equations. The analytical
model adopted here is similar to that of Refs. 1-3. From
Ref. 8, one can write the conservation equations as follows:

over-all continuity

puA = m

over-all momentum

over-all energy

pu(du/dx) = —dp/dx

pu(dH/dx) = — Qrad

(9)

(10)

(11)
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electron energy

Neu(d/dx) [(f )kTe] = u(d/dx)(NekTe) +
2Ne(me/mh)peh®k(Th - Te) -
[#00 + (&kTe]Nhu(d/dx)[Ne/Nh] - Qrad (12)

electron continuity

Nhu(d/dx)\N,/Nh] = 7Ve,rad + Ne,cou (13)
Here, p = NekTe + NjJcTh, and # is the total enthalpy per
unit mass of plasma :

H = (14)
In Eq. (14), the energy contained in the excited states
[2N(i)E(i)/p] is neglected as being small compared with
other forms of energy. The radiation power loss per unit
volume Qrad is assumed to be given by

Qrad = ar (15)
where ar is the over-all radiative recombination coefficient for
free-bound electron-ion recombination. The radiative re-
combination coefficient used for nitrogen was

ar = 1.76 X cm3sec- (16)

which fits the value for nitrogen given at 250°K by Bates et
al.7 The temperature dependence was chosen to be the
same as that of hydrogen.7 When a similar procedure is
adopted for hydrogen, the resulting radiative power loss of the
form, Eq. (15), is found to give the correct values to within a
factor of order 2 as compared to the exact calculations9 in
which the detailed radiative transport of optically thick lines
is included. Thus, while the mechanism of the actual radia-
tion loss is not due only to an optically thin continuum, the
simple expressions, Eqs. (15) and (16), are used throughout,
although a more detailed calculation is possible.

The electron-heavy particle collision frequency is given by

Veh = Vc(Na (Qea) + N9(Qei))

where ve = [8&7V(7rme)]1/2 is the mean electron thermal
velocity. (Qea) is the electron-atom elastic collision cross
section, which is taken from Ref. 10 as 5 X 10~16 cm2. (Qei)
is the collision cross section for ion-electron elastic energy ex-
change, suitably averaged over a Maxwellian velocity dis-
tribution, which is taken from Ref. 11.

Ne.rsid is the net radiative rate of electron recombination
per unit volume, given by

Ne,rad = -VrNe* (17)

Since the plasma is optically thin, photo-ionization has been
neglected. The collisional electron-ion reaction rate Ne,coi\
is obtained from Ref. 12 as

where % is the nonequilibrium parameter defined by Eq. (7).
Generally, the right-hand side (RHS) of Eq. (13) cannot be
separated into the sum of separate over-all radiative and
collisional rates,4 but for the optically thin case with quasi-
steady excited state distribution, such a separation is valid.12

One should note that since most atoms are still found in the
ground state, the ground state number density N(l) is ap-
proximately equal to the atom density and hence \[/(l) =
N ( ! ) / N E ( I ) — x, except at very high temperatures, e.g.,
Te > 25,000° K. Thus the present analysis is quite similar to
that of Ref. 4, in which ^(1) takes the role of %• The colli-
sional recombination rate coefficient kn was calculated in Ref.
12 for nitrogen as

kR = 1.15 X 10-26(^e/10,000)-5-27cm6sec-1

which was also verified experimentally.13 The nitrogen atom

and ion partition functions Za and Z+ were evaluated from
the tables given by Drellishak14 through an empirical curve
fit.

The basic flow equations [Eqs. (9-13)] are first made di-
mensionless by dividing by appropriate characteristic values.
The equations are then transformed into a form suitable for
machine computation. The details of these steps are similar
to those in Ref s. 1 and 2. The conservation equations can be
written in two forms, an area-specified form1 or pressure-
specified form.2 The examination of the area-specified form
shows two numerical difficulties. First, the nonequilibrium
solution cannot be started from rest where u = 0, because
the slopes of the variables become indeterminate. To over-
come this difficulty we initially solve the nozzle flow equations
assuming CTE (complete thermodynamic equilibrium) in the
very early part of the nozzle flow1 using temperature as the
independent variable. After the equilibrium solution has
yielded a finite velocity, these equilibrium values are intro-
duced as the initial condition for the nonequilibrium equa-
tions. The switch-over occurs at a temperature 100°K below
the chamber temperature.

The second difficulty in the area-specified form lies in the
critical point singularity, which is often referred to as a
saddle point.15 At the saddle point, the denominator of a
term in a differential equation becomes zero. The saddle
point singularity is removed only by adopting the pressure-
specified form.2 The pressure-specified form has a disad-
vantage, however, because in most cases the pressure dis-
tribution is not known a priori; it is the area change that is
known, at least approximately, rather than the pressure
distribution. Thus, a compromise is necessary between the
two forms.

In the present work, the nonequilibrium solution was
initiated specifying the pressure distribution and calculating
the resulting nozzle profile. The pressure distribution was
taken to be

p/pchamb = exp[-(b2x)s]

where the parameters 62 and s were found by trial and error so
as to generate a nozzle having a fixed chamber-to-throat
distance of 2.0 cm. After passage of the saddle point, the
nonequilibrium solution was continued by solving the area-
specified version. The initial area ratio sufficiently down-
stream of the saddle point was a hyperbolic contour

A/A* = 1 + 63(z — z*)2

where x* is the value of x at throat. For values of x — x*
larger than 9.15 cm, this contour was joined smoothly to a
parabolic shape in which the nozzle radius was described by

r = b±(x — x*)2 + b5(x — x*) + b&

where the parameters were so chosen to give zero slope at
x = 18.3 cm, at which point the area ratio became «22.
A constant area was assumed downstream of the 18.3 cm
station. The resulting nozzle shape is shown in Fig. 1.

Numerical Solution

The dimensionless form of the flow equations, together with
the equilibrium starting solution, was programed for solution
on the IBM 360/67 computer. The standard Runge-Kutta
or Adams-Moulton methods for integrating a set of simul-
taneous differential equations proved unsuitable for the
solution of these equations except at low pressures, i.e., be-
low 0.1 atm chamber pressure. In the early part of the
nozzle flow, very large numerical instabilities are encountered
which require a vanishingly small step size.15

The numerical difficulty arises in the present problem for
two reasons. First, the chemical relaxation time associated
with the third term in the RHS of Eq. (12) and the second
term in the RHS of Eq. (13) and the thermal equilibration
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NOZZLE CONTOUR

10 15
DISTANCE, X .cm

Fig. 1 Nozzle contour and temperature distributions
through the nozzle, AeyLit/A* = 22.

time [second term in RHS of Eq. (12) ] is much smaller than
the flow transit time; that is, the chemical and thermalization
Damkohler numbers are both much greater than unity. The
ratio of the largest to smallest eigenvalues was typically of
the order of 108 for a chamber pressure of 100 atm and greater
for higher pressures. This difficulty is the same as that en-
countered in the problem of other chemical relaxations such
as vibrational16 or molecular recombination17 relaxations, ex-
cept that the rates associated with plasmas are typically
several orders of magnitude greater.

Secondly, the elastic thermal equilibration and the ioniza-
tion relaxation are opposing processes, which is unique to the
relaxing plasma. In Eq. (12), the second and the third
terms on the RHS oppose each other in determining Te.
The second term represents the effect of thermalization and
tends to lower the electron temperature; the third term signi-
fies that in recombination the ionization energy is given solely
to the electron gas and tends to raise its temperature. In an
extreme case, the equilibration process in one mode forces the
other mode to deviate further away from equilibrium, re-
sulting in positive values of the normally negative char-
acteristic eigenvalues of the differential equations.18

xNhx icr19, cm
NhjEQxlO- |9,cm- ;

N e xlO~ i y , c r r f -

5 10 15 20 25
DISTANCE, X, Cm

In order to obtain satisfactory solutions with reasonably
large step sizes, an implicit integrating scheme15 was re-
quired with double precision for pressures above 100 atm.

Results and Discussion

Flow Property Variation

Because the bound state populations are controlled en-
tirely by the flow quantities Te, Ne and the nonequilibrium
parameter x, the variation of these flow properties is examined
first. Table 1 compares values of various parameters of
interest for the following flow models for a representative
case: 1) an ideal frozen flow calculated using the adiabatic
isentropic perfect gas equations with 7 = 1.667; 2) a hypo-
thetical CTE expansion satisfying the Saha equation every-
where with Te = Th, including the recombination energy but
disregarding radiative losses; 3) a nonequilibrium expansion
satisfying the complete nonequilibrium equations as de-
scribed in Flow Equations; and 4) same as 3) except that the
radiative loss terms in Eqs. (11-13) were arbitrarily reduced
by a factor of 10. The chamber conditions for each model
were p = 10 atm and T = 14,000° K, the nozzle shape being
the one described in Flow Equations and shown in Fig. 1.

Table 1 Calculated flow parameters expanding from
Pcham = 10 atm Tcham = 14,000°K>

x, cm

T., °K

Th, °K

p, atm

Ne, cm~3

Nh, cm-3

Ne/Nh

u, cm/sec

A, cm2

X

Chamber

0
0
0
14000
14000
14000
14000
14000
14000
14000
14000
10
10
10
10

5.807+17

5.807+17

5.807+17

5.243+18'
4.662+18

4.662+18

4.662+18

0.1246
0.1246
0.1246
0
0
0
0
00

00

00

00

1.00
1.00
1.00

Throat

2.014
2.002
1.983
10447
12900
12175
12835
10447
12900
12090
12778
4.811
5.479
5.510
5.508

2.700+17

1.882+17

2.365+17

3.380+18c

2.847+18

3.156+18

2.899+18

0.09482
0.05965
0.09089
3.247+5

3.26S+5

3.136+5

3.226+5

1.267
1.268
1.268
1.267

1.00
1.000
0.9992

Saddle
point

2.372
2.322
2.365

12600
11879
12538

12600
11744
12437

4.589
4.708
4.583

2.127+17

1.467+17

2.059+17

2.460+18

2.794+18

2.497+18

0.08647
0.05252
0.08248

3.690+5

3.4S9+5

3.65S+5

1.300
1.287
1.298

1.00
0.9981
0.9993

Exit

24.90
24.92
24.921
862
2599
4247
5476
862
2599
1888
2753
9.421-3&
1.888-*
1.581-2

2.000-2

7.4S2+4

1.742+"
2.779+14
8.018+16c

5.330+16

6.102+1*
5.277+16

1.398-12

0.00285
0.00527
6.244+5

7.96S+5

7.22S+5

7.74S+5

27.78
27.80
27.70
28.22

1.00
2.366~6

1.301-*

Fig. 2 The variation of particle densities and the nonequi-
librium parameter x through the nozzle, ^4exit/^* = 22.

0 The four cases listed for each entry are respectively: 1) ideal frozen
flow ra = 30.48 g/sec; 2) CTE flow, ra = 27.62g/sec; 3) nonequilibrium
flow, ra = 29.37 g/sec; and 4) nonequilibrium flow, radiation decreased
by factor 10, ra = 27.74 g/sec.

* The exponent indicates the power of 10, i.e., 9.421~3 s 9.421 X 10~3.
c Total number of particles = JV^ + Ne.
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As seen in Table 1, the nonequilibrium solutions 3 and 4
differ greatly from either the frozen flow (1) or equilibrium
flow (2) solutions, indicating the need for a nonequilibrium
calculation. Nevertheless, the pressure distribution and
heavy particle density are not affected greatly by which
model is assumed.

Comparison of cases 3 and 4 reveals that decreasing the
radiation increases both the electron and heavy particle
temperature due to decreased radiative cooling. The lower
temperature in case 3 allows a higher recombination rate and
hence lower values of Ne* For this case note that this effect
has come about because radiative cooling has a larger effect in
decreasing Te than the increased recombination rate has in
increasing Te. At the exit the value of x in case 4 is nearer
to unity primarily because Te is larger in 4; the exponential
dependence of x upon Te has outweighed the square de-
pendence upon Ne.

To illustrate the numerical results, cases 2 and 3 are
exhibited in Figs. 1 and 2. Figure 1 shows the nozzle con-
tour. In the top of Fig. 1 the values of Te and Th for the
nonequilibrium case 3 are compared with the equilibrium
temperature TEQ of case 2. Figure 2 shows N^ Ne and the
parameter x obtained from two solutions. By definition,
X = 1 in the equilibrium flow and so % is shown only for the
nonequilibrium case. In this example % reaches 2.37 X 10~6

at the nozzle exit indicating a significant deviation from
equilibrium.

Excited State Populations

To illustrate the interrelation between the flow quantities
Te, Ne and x and the electronic state populations, we show a
schematic excited state Boltzmann plot in Fig. 3 in which the
value of log [N(i)/g(i)] is shown on an energy level diagram.
If all the excited states were in collisional equilibrium with the
free electrons, then the resulting CTE value of log [NE(i)/g(i) ]
would lie along the straight line having slope —l/kTe. In
the recombining nonequilibrium case, the actual values of
N(i)/g(i) = ^(i)NE(i)/g(i) are smaller than the equilibrium
value because \f/(i) < 1. As one approaches the ionization
limit, however, collisional recombination-ionization processes
with the free electrons dominate the excited state transitions
and \f/(i) -> 1 as i ->• co, i.e., the highly excited states are in
Saha-Boltzmann equilibrium with the free electrons. As
mentioned earlier, the nonequilibrium parameter x is approxi-
mately equal to ^(1) = N(l)/NE(l), and so the difference
between log [N(l)/g(l)] and log [NE(l)/g(l) ], or equivalently
the difference between log[N(oo)/g(co)] and log[A^(°°)/
0(°°)L approximately equals log %• As % decreases, the
population distribution must deviate further away from the
equilibrium Boltzmann distribution. Thus % is not only a
measure of chemical nonequilibrium but a measure of excita-
tion nonequilibrium, so that it may be called a chemical-
excitation nonequilibrium parameter.

The distributions of electronic state populations for the
cases shown in Figs. 1 and 2 and Table 1 are shown in Fig. 4

I20XI03

80

E(i),cm

SLOPE =-l/kTeX ^A %vSLOPE=-l/kTe

I
EQUILIBRIUM

X«"=l THROAT -%£^

40 I- ^^?*L EX,T WCHAMBEFl (0)
"—O—_ / CH

fed——

I20X

E(i),cm-' v
4 QLXexi t

Fig. 3 Schematic excited state Boltzmann plot for re-
combining flow.

tt>———•
18 20

Fig. 4 Electronic state populations in nitrogen plasma
nozzle flows; A^^/A* = 22, Tcham = 14,000°K,pcham =10atm.

at three points: in the stagnation chamber, at the throat,
and at the exit of the nozzle. The plots in Fig. 4 are obtained
by applying Eq. (8), the numerical values of which are found
in Ref. 6, using the computed values of Te, Ne and x- Figure
4a shows the case of nonequilibrium corresponding to the
case 3 in Table 1 and Fig. 4b is for the equilibrium case 2
in Table 1. As seen here, the nonequilibrium population
distribution does not differ greatly from the equilibrium
distribution in the early part of the nozzle flow. At the
exit of the nozzle, however, the distribution deviates signifi-
cantly from the equilibrium distribution, and shows the
feature exhibited qualitatively in Fig. 3. At the exit, if a
spectroscopist were to calculate the total (or ground state)
density based on measurements of the excited state densities
N(i), Ne and Te, by extrapolation downward along the line
whose slope is — l/kTe on an E(i) vs log [N(i)/g(i)] plot, he
would overestimate the total (or ground state) density by
a factor of 1/x, which is approximately 0.4 X 106 in this case.
On the other hand, if a gasdynamicist were to estimate the
excited state density from Na knowing the nonequilibrium
value of N(l) or Na together with Ne and Tc, he would under-
estimate the upper state density N(i) by a factor %• An even
more severe discrepancy would result if the flow were as-
sumed to be completely in equilibrium. When complete
equilibrium is assumed, one imagines the electronic state
populations to lie on the straight line through the ground
state at slope —l/kTEQ where TEQ is only 2599°K as com-
pared to 4727°K in the nonequilibrium case. The discrep-
ancy in the upper state populations between the nonequi-
librium and equilibrium in these cases is approximately
2 X 1018.

Effect of Chamber Conditions

As seen in this example, % is a second-order nonequilibrium
parameter dependent on the nonequilibrium values of Te and
Ne as well as the atom density Na [see Eqs. (5) and (7)].
Because of the highly nonlinear appearance of Te in the
normalizing density NaE, a relatively small change in Te can
produce a very large change in %. For example, if one asks
what is the order of nonlinearity of the function exp(—Em/
kTe) for a typical temperature, say 8400°K, then by match-
ing the slopes of exp(—Em/kTe) and Te

n, one finds the order of
nonlinearity n to be approximately n ~ Em/kTe = 20.
Thus, the magnitude of the chemical (and excitation) non-
equilibrium parameter % is controlled implicitly by the de-
gree of thermal nonequilibrium (Te — Th)/Th to a great ex-
tent. For this reason, the degree of thermal nonequilibrium
at the end of the nozzle was calculated systematically as a
function of the chamber pressure for various chamber tem-
peratures over the range 0.01 < pcham < 1000 atm and 6000
< Tch&m < 18,000° K. At temperatures below approximately
8000° K, molecular dissociation may not be complete, and
therefore the present calculation is not entirely realistic. The
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CHAMBER
TEMPERATURE, °K

I 10
CHAMBER PRESSURE, pcham, dtm

Fig. 5 Degree of thermal nonequilibrium at the nozzle
exit as a function of the chamber pressure for various

chamber temperatures, Aexa/A* — 22.

low-temperature regime was included, however, for the pur-
pose of studying the mathematical aspect of the problem.
The results are shown in Fig. 5. At low pressures, very little
recombination energy is available to force Te and Th apart,
the result being that Te and Th are close together. As the
pressure increases, the recombination rate in Eq. (12) initially
dominates over the thermalization term, resulting in a re-
latively large thermal nonequilibrium. This increasing de-
parture from thermal equilibrium in the range 0.01 to 1 atm
occurs despite the increase in the corresponding Damkohler
number for the thermalization process. At very high pres-
sures, the elastic collision term in Eq. (12) becomes most
important, dominating the recombination term and forcing
the electron and heavy particle temperature back together.
This unique feature is a direct consequence of the opposing
nature of the chemical and thermalization processes, which
leads to the occurrence of a positive eigenvalue in the dif-
ferential equations.18

The chemical-excitation nonequilibrium parameter % is
calculated also over the same range of conditions. Contours
of constant log % at the nozzle exit are shown in Fig. 6 as
functions of the stagnation chamber pressure and tempera-
ture. For a fixed chamber temperature, say 14,000° K, in-
creasing the chamber pressure has the expected effect of
forcing the excitation nonequilibrium parameter toward unity
only for pressures below about 1 atm. Further increase of
the chamber pressure results in a rapid decrease of % with no
suggestion over the range of conditions examined here, that
X can be forced to return to its equilibrium value of unity.
Thus, contrary to intuition, increasing the chamber pressure,
and hence the Damkohler number, can drive the flow further
away from excitation equilibrium at chamber pressures
greater than approximately 10 atm. This unforeseen situa-
tion is also a result of the two competing effects described
earlier. The closest approach to chemical-excitation equi-

logXexit

I 10 100
CHAMBER PRESSURE, pcham, atm

Fig. 6 Contours of constant log Xexit. Dotted curve in-
dicates the boundary of possible population inversion

,4exitA4* = 22.

librium occurs in the chamber pressure range between 1 and
10 atm. However, Fig. 5 shows that in this regime the ther-
mal nonequilibrium is the largest. Thus, one sees that the
two types of equilibrium (thermal and chemical) and hence
excitation equilibrium, cannot be attained simultaneously
under any condition in a fixed nozzle similar to the one under
consideration regardless of the magnitude of the associated
Damkohler number. Indeed, the Damkohler numbers are
typically in the order of unity at chamber pressures below 0.1
atm for both processes, and extend to 1012 at the highest
pressure and temperature considered.

The exceedingly small values of % seen in Fig. 6 do not im-
ply any failure of the conservation of total atoms; even at
high temperatures only a small number of the atoms are in
excited states, and although there may be 1052 times too
many atoms in the upper excited states, as one would expect
from an equilibrium expansion, the absolute number is still a
small fraction of the total.

Discussion

It is seen previously that the two types of equilibrium
processes do not reach equilibrium simultaneously even when
the associated Damkohler numbers are very large. It is
interesting also to note that the Damkohler numbers associ-
ated with the excitation relaxation process are equally large
even though the excitation process is far out of equilibrium as
shown previously. The Damkohler number for the excita-
tion relaxation of ith electronic state is the ratio of the flow
transit time to the time scale of change of the population19

of the ith state r(i)

The largest r(i) occurs for the ground state i = 1, which is
obviously not in equilibrium. The next slowest process is for
the first excited state, which is the 3s state for nitrogen (the
two low lying states in nitrogen 2p3 2D and 2P equilibrate
very rapidly20 with the ground state and therefore need not be
considered) which corresponds to the n (principal quantum
number) = 2 state in hydrogen. Calculation at x = 4.36
cm for the 14,000°K, 10 atm case shows r(2) = 2.9 X 10"10

sec while r(l) = 1.3 X 10~4 sec for hydrogen. Considering
the fact that these values would hold for nitrogen within an
order of magnitude, one concludes that all excited states have
relaxation times very much smaller than the flow transit time.
Because the excitation is shown to be always in nonequi-
librium at the nozzle exit, the Damkohler number criteria do
not apply in excitation relaxation. Implicitly, however, a
large Damkohler number for the excitation process ensures
the existence of the quasi-steady distribution, as assumed in
the derivation.

The main features of the plasma flow that cause such an
unusual behavior are 1) the large Damkohler numbers;
2) the opposing nature of the chemical and thermalization
processes; 3) the very small electron-heavy particle mass
ratio; and 4) the extreme nonlinear dependence of the recom-
bination rate and Saha function on Te.

We should like to stress that the very large excitation non-
equilibrium has arisen here as a straight-forward consequence
of widely accepted physical principles, without introducing
special, ad hoc assumptions as to the existence of metastable
atoms, resonance radiation trapping, etc.21"24 Such phe-
nomena will need to be included in a complete theory, but
apparently are not required to produce the rather large non-
equilibrium excitation as has been experimentally observed in
argon and neon,21"27 and to a lesser degree, in nitrogen.3'21

Also, we note that here the flow is assumed to start from com-
plete equilibrium. The nonequilibrium is induced as a re-
sult of the competing factors in the expansion process. In
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actual situations, the starting conditions for the nonequi-
librium expansion may not be CTE due to such processes as
nonequilibrium excitation in passage through an electric arc.

By combining the calculated x and Te values in Figs. 5 and
6 with Eq. (8) or Ref. 6, one can determine whether an ab-
solute population inversion is achieved that would lead to
laser action. Between two levels i and j < i, stimulated
emission is possible provided

or

The most promising levels in nitrogen are i = 4, j = 3
(Ref. 5). Now ^(3) c^ x, here and ^(4) is very nearly a
function only of Te for the usual case of ̂ (1) < 10~3. Evalu-
ating ^(4) from Ref. 6 shows that laser action might be ex-
pected if at any point

X < 4.8exp(-101800/Te)

for 2000 < T < 14,000° K. Evaluating this expression for x
using values of Te at the nozzle exit gives the dotted curve
shown in Fig. 6. Laser action appears possible at the nozzle
exit for chamber conditions yielding Xexit less than those on
the dotted curve.

Conclusions

A systematic computer study reveals that the three modes
of relaxation phenomena in plasmas, i.e., thermal, chemical
and electronic excitation, are greatly out of equilibrium in a
typical wind-tunnel nozzle. An extremely large deviation
from equilibrium is predicted for the electronic excitation at
high pressures. The Damkohler number criteria do not
apply to the nonequilibrium plasma processes. The thermal
nonequilibrium is largest in the chamber pressure range be-
tween 1 and 10 atm and the chemical excitation nonequi-
librium is weakest in the same range.

References
1 Bray, K. N. C., "Electron-ion Recombination in Argon

Flowing through a Supersonic Nozzle," High Temperature As-
pects of Hypersonic Flow, edited by W. Nelson, Pergamon, New
York, 1964, Chap. 4.

2 Talbot, L., Chou, Y. S., and Robben, F., "Expansion of a
Partially-Ionized Gas through a Supersonic Nozzle," Rept.
AS-65-14, Aug. 1965, Institute of Engineering Research, Univ.
of California at Berkeley.

3 Park, C., "Relaxation of Electronic State Populations in
Expanding Flows of Ionized Nitrogen," AIAA Paper 68-734,
Los Angeles, Calif., 1968.

4 Bates, D. R., Kingston, A. E., and McWhirter, R.W.P.,
" Re combination between Electrons and Atomic Ions, I. Optically
Thin Plasmas," Proceedings of Royal Society, Ser. A, Vol. 267,
May 1962, pp. 297-312.

5 Park, C., "Theoretical Population Inversion in Decaying
Nitrogen Plasma Column," AIAA Paper 69-48, New York, 1969.

6 Park, C., "Spectral Line Intensities in a Nonequilibrium
Nitrogen Plasma," Journal of Quantitative Spectroscopy and
Radiative Transfer, Vol. 8, No. 10, Oct. 1968, pp. 1633-1653.

7 Bates, D. R. and Dalgarno, A., "Electronic Recombination,"
Atomic and Molecular Processes, edited by D. R. Bates, Aca-
demic Press, New York, 1962, Chap. 7, pp. 245-279.

8 Appleton, J. P. and Bray, K. N. C., "The Conservation
Equations for a Nonequilibrium Plasma," Journal of Fluid
Mechanics, Vol. 20, Pt. 4, Dec. 1964, pp. 659-672.

9 Lasher, L. E., Wilson, K. H., and Grief, R., "Radiation from
an Isothermal Hydrogen Plasma at Temperatures up to
40,000°K," Journal of Quantitative Spectroscopy and Radiative
Transfer, Vol. 7, No. 2, March-April 1967, pp. 305-322.

10 Yos, J., "Transport and Thermodynamic Properties of
Nitrogen, Hydrogen, Oxygen and Air to 30,000°K," AVCO/-
RAD.-TM-63-7, March 1963, Avco Corp., Willmington, Mass.

11 Kruger, C. H. and Viegas, J. R., "Influence of the Ramsaur
Effect on Nonequilibrium Electron Temperatures," The Physics
of Fluids, Vol. 7, No. 11, Pt. I, Nov. 1964, pp. 1879-1881.

12 Park, C., "Collisional lonization and Recombination Rates
of Atomic Nitrogen," AIAA Journal, Vol. 7, No. 8, Aug. 1969,
pp.1653-1654.

13 Park, C., "Measurement of Ionic Recombination Rate of
Nitrogen," AIAA Journal, Vol. 6, No. 11, Nov. 1968, pp. 2090-
2094.

14 Drellishak, K. S., Aeschliman, D. P., and Cambel, A. B.,
"Tables of Thermodynamic Properties of Argon, Nitrogen and
Oxygen Plasmas," Rept. AEDC-TDR-64-12, Jan. 1964, North-
western Univ., Evanston, 111.

15 Lomax, H., "Stable Implicit and Explicit Numerical Meth-
ods for Integrating Quasi-Linear Differential Equations with
Parasitic-Stiff and Parasitic-Saddle Eigenvalues," TN D-4703,
July 1968, NASA.

16 Stollery, J. L. and Park, C., "Computer Solutions to the
Problem of Vibrational Relaxation on Hypersonic Nozzle Flows,"
Journal of Fluid Mechanics, Vol. 19, Pt. 1, May 1964, pp. 113-123.

17 Bray, K. N. C., "Atomic Recombination in a Hypersonic
Wind-Tunnel Nozzle," Journal of Fluid Mechanics, Vol. 6, Pt. I,
July 1959, pp. 1-32.

18 Bowen, S. W. and Park, C., "Computer Study of Non-
equilibrium Excitation in Recombining Nitrogen Plasma Nozzle
Flows," AIAA Paper 70-44, New York, 1970.

19 McWhirter, R. W. P. and Hearn, A. G., "A Calculation of
the Instantaneous Population Densities of the Excited Levels of
Hydrogen-Like Ions in a Plasma," Proceedings of Physical Society
of London, Vol. 82, No. 529, Pt. 5, Nov. 1963, pp. 641-654.

20 Smith, K., Henry, R. J. W., and Burke, P. G., "Calculations
on the Scattering of Electrons by Atomic Systems with Con-
figurations 2pV Physical Review, Vol. 157, No. 1, May 1967, pp.
51-68.

21 Staats, G. E. and McGregor, W. K., "Vacuum Ultraviolet
Radiation Emitted from Arc Jet Plasmas of Argon or Nitrogen,"
AEDC-TDR-68-171, 1968, Arnold Engineering Development
Center, Arnold Air Force Station, Tenn.

22 Brewer, L. E., Jr., "Spectroscopy of a Supersonic Plasma,
I. Excitation Mechanisms," AEDC-TDR-64-151, 1964; "II.
Excitation Temperature," AEDC-TDR-64-196, 1964, Arnold
Engineering Development Center, Arnold Air Force Station,
Tenn.

23 Brewer, L. E., Jr., "Plasma Radiation Resulting from an
Over-Population of Atoms in the Metastable State," MS thesis,
March 1965, Univ. of Tennessee.

24 Bowen, S. W., "A Spectroscopic Study of an Underexpanded
Argon Plasma Jet," Ph.D. thesis, 1966, Univ. of Michigan, Ann
Arbor.

25 Bowen, S. W., "Spectroscopic and Optical Studies of a High
Pressure, Underexpanded Jet," AIAA Paper 66-164, Monterey,
Calif., 1966.

26 Goldfarb, V. M. et al., "Spectroscopic Investigation of
Supersonic Plasma Jets," Optics and Spectroscopy, Vol. 27, No. 2,
Aug. 1969, pp. 108-110.

27 Czernichowski, A., Chapelle, J., and Cabannes, F./'Etude de
Jets Laminaires de Plasma d'Argon et de Neon hors d'Equilibre,"
Comptes Rendus Academic Sciences, Paris, Ser. B, Vol. 270, 1970,
pp. 54-57.


